
VOL. 3, NO. 5, SEPT.-OCT. 1987 J. PROPULSION 455

Parabolized Navier-Stokes Analysis
of Ducted Supersonic Combustion Problems

N. Sinha* and S. M. Dashf
Science Applications International Corporation, Princeton, New Jersey

The extension of a recently developed implicit/explicit approach to analyzing two-dimensional ducted super-
sonic mixing problems with finite-rate chemistry is presented. The hybrid approach combines a fully implicit
parabolic mixing algorithm, an explicit viscous-characteristic-based wave-solver algorithm, and a linearized im-
plicit chemical kinetic solution algorithm. The resultant model provides spatial marching solutions of the
parabolized Navier-Stokes (PNS) equations for supersonic combustion problems. Specialized procedures are in-
corporated to deal with the near-wall sublayer. A parabolic option is available that can be utilized in the direct or
inverse mode for design applications. The ability of the model to treat shock waves and wave/mixing layer in-
teractions is assessed via comparisons of predictions with those of well-established, explicit shock-capturing
Euler (SCIPPY) and PNS (SCIPVIS) models. Applications to several supersonic combustion flowfield problems
are presented that exhibit overall capabilities.

Nomenclature
a,b = mapping parameters
F± = diffusive/chemical kinetic source term
hf = static enthalpy of the /th species
H - total enthalpy
k = turbulent kinetic energy
M = Mach numtfer
mi = molecular weight of the /th species
P,P = pressure and W3

P = turbulent production term, = ji [ du/dy ]2

R0 = universal gas constant
r = radial distance from flow axis, = rb (x) +y cosotB (x)
T = temperature
utv = velocity components in x,y coordinate directions
W = mixture molecular weight
x,y = streamwise and boundary-layer transverse

coordinates
OLB = inclination of body surface with respect to flow axis
oii - mass fraction of /th chemical species
7 = specific heat ratio
e == turbulent dissipation rate
H = Mach angle
pi = effective viscosity
£,T? = mapped coordinates
p = density
a = effective viscosity/Prandtl number, = \t,\/Pri + nt/Prt
akt€ = effective viscosity/Prandtl number for turbulence

model equations
<t> = angle of mapped coordinate line
cb/ = chemical kinetic production term of /th species
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Introduction
V17HILE parabolized Navier-Stokes (PNS) methodology is
TT usually associated with models first developed in the

1970s to analyze supersonic external aerodynamic problems,
the first PNS models were developed in the early 1960s for the
analysis of supersonic combustion flowfields. This body of
work, entitled viscous characteristics (VSCH), was pioneered
by Ferri1'2 with explicit-based numerical techniques developed
by Morretti,3 Edelman,4 and Dash5'6 for treating coupled
wave/mixing/chemical kinetic processes. The detailed treat-
ment of near-wall regions was first provided for by use of an
inner, implicit parabolic solver interactively coupled to the
outer explicit VSCH solver at the boundary-layer sonic line.7

The VSCH approach involves a splitting of the PNS solu-
tion, at each integration step, into two coupled solutions,
namely:

1) A parabolic mixing solution, providing solutions of the
streamwise momentum, energy, species, and turbulence
model equations, with the pressure field stipulated.

2) A hyperbolic pressure/wave-field solution, providing
solutions of the continuity and normal momentum equa-
tions, cast into viscous-characteristic form, yielding the
pressure field and flow angles, with viscous stress/transport
and chemical kinetic terms stipulated.

Earlier VSCH approaches were fully explicit and utilized
characteristic networks to determine the wave field. Such
models could not capture embedded shock waves, and the
coding logic entailed to handle various flow situations with
fitted shock waves was extremely complex.

An upgrade to splitting-based PNS methodology was
made by Spalding and co-workers in the mid-1970s (see, e.g.,
Refs. 8 and 9) by utilizing fully implicit numerics. As in the
VSCH approach, the solution was split into parabolic and
pressure-solver components. The parabolic component uti-
lized standard implicit methodology. A continuity-based
pressure correction equation was used to determine the
pressure field with the parabolic and pressure correction
equations iterated upon until a converged solution was ob-
tained. Whereas the implicit numerics in the Spalding
pressure-split approach represented a significant upgrade to
the explicit numerics utilized in earlier VSCH approaches,
the iterations required were time-consuming, and waves were
represented in a highly smeared fashion.

The hybrid implicit/explicit approach10 utilized in the sub-
ject duct flow model represents a unification of the better
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features of VSCH and Spalding-based PNS methodology.
This approach combines a fully implicit parabolic mixing
solver with an explicit, viscous-characteristic-based wave
solver. The wave solver casts the characteristic differential
equations into an upwind finite-difference form that is
shown to have good shock-capturing capabilities. The duct
flow model incorporates methodology originally developed
for freejet and wall-jet models, which includes:

1) A hybrid k-e/Van Driest (near-wall) turbulence model,
validated for wall-jet/slot-injection problems at lower
speeds.11

2) A well-established, implicit, chemical kinetics solver12

(which serves as a component of numerous JANNAF stan-
dard codes for rocket propulsion applications), whose cou-
pling with the implicit parabolic mixing solver for free shear
flows is described in Ref. 13.

3) An upwind, characteristic-based wave solver whose
preliminary description was given in Ref. 10.

The new capabilities described in this article derive from
the unification and extension of the parabolic mixing and
above methodology into a model for ducted, turbulent reac-
ting flows. The extensions have involved primarily the
development of various, specialized procedures to facilitate
obtaining a coupled solution of combustion kinetics, tur-
bulent mixing, and wave processes in a ducted environment.
The model provides for the treatment of moderate-strength
embedded shocks (due to under expanded or angled fuel jets
and/or incoming shock waves from the upstream flow) and
contains pressure-gradient-based artificial diffusion terms for
strong shock stabilization and entropy production in inviscid
regions. The treatment of small, embedded zones of subsonic
flow is handled by utilization of sublayer-type approxima-
tion. Special attention has been given to grid-related issues
for dealing with the disparate scales of the problem. These
include utilizing different radial grid spacing for wave and
mixing processes (which is facilitated by the splitting ap-
proach taken) and incorporating adaptive step-size controls
keyed to the time scales of the kinetics.

Governing Equations
Mean Flow Equations

The two-dimensional (planar, J=0; cylindrical, J-1)
ducted mixing layer mean flow and turbulence model equa-
tions utilized for a generalized, multicomponent gas mixture
flows are listed as follows.

Species continuity:

Continuity:

— (purj)+—-
dx dy

Axial momentum:

du du dP 1 (pu —-— + pv —— + —— = —- —dx dy dx r7 d

Radial momentum:

dv dv dP 1 a f 4

(i)

(2)

pu
dx

dv

2 d(pk) J \ 2 dp, 4 jiv
(3)

Energy:

pu dH
dx - + pv - dH

dy
1 d [ r dH I

= — r —— \ra ——r7 dy I dy J

(4)

Turbulent kinetic energy:

dk dk dk

Turbulent dissipation rate:

de de 1 f . d ( de \~\PU-— + PV-— = -7 r7— -(a — — J
dx dy r7 L dy \ dy / J

(7)

In the energy and species continuity equations, the transport
of mass and energy is taken to be the same (Lewis number of
unity is assumed) and, hence, the Prandtl and Schmidt
numbers are equivalent. These equations are supplemented
by the equation of state:

P = pRQTLai/mi (8)

and the relation between temperature and static enthalpy:

Curve fits for species enthalpy, ht (71, and Gibbs free
energy, gf(T) (utilized in the chemical kinetic solution), are
based on those of Gordon and McBride.14 Curve fits for
laminar transport data (viscosity, thermal conductivity,
Prandtl number) for the various species are based on the
data of Svehla.15 Standard binary diffusion concepts are
utilized in defining laminar transport coefficients.

Mapped Parabolic Equations
The governing equations are integrated in mapped rec-

tangular coordinates defined by the transformation:

*=*

y-yL(x) (10)

where yL (x) and ya (x) are the lower and upper boundaries
of the computational domain. The parabolic system of equa-
tions (axial momentum, energy, species continuity, and tur-
bulence model equations) in these mapped coordinates are
cast in the vectorized form

df fc „ dfpu—— + bpv-
drj

b2

"T7" (ii)

where f=[u,H,a,,k,e]T, v = v-au/b, 5f=[ii,5,5,ok,de],
and a and b are the mapping parameters:

= [(i -
(12)

Wave-Solver Equations
By the manipulations discussed in Refs. 10 and 16, the

continuity and normal momentum equations can be cast into
characteristic form with the viscous stress/transport and
chemical kinetic terms [the right-hand side terms of Eqs.
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(2-5), designated Fu, Fv, FH, Fa, respectively] treated as
source terms in performing these manipulations. Along the
characteristic directions X*, given by

- = tan(0±/i) (13)

the viscous-characteristic compatibility relations take the
form

sim* cosjit dP dO
- = F±

7 dX* ~ dX*

where P = tinP and the source term F± is given by

— J . n . (j— 1) sinuF± = —— sine sinju + — —— - —— -
r * yPQ

(14)

x { [ 1 + (7 - sinju, cos0 ± cos/* sin0 j

7PM2 sin0±cosjLt cos0} (15)

Referring to Fig. 1, the characteristic compatibility rela-
tions comprising total differentials along X± are cast into
partial differential expressions along the mapped coordinate
directions £ and rj, using the relation

where

d
~dx

* = tan(0±ju)-tan</>

(16)

(17)

and </> denotes the angle of the mapped coordinate line
17 = const, with respect to the x direction. Then, the
characteristic compatibility relations can be written in the
following partial differential form

dP uP I I uu
T- * Kraw J L at

86 =F± (18)

where C= (sinju, cos/*)/7 and F'=F/cos(0±n)_. Equation (18)
comprises two independent relations for P and 0 to be
evaluated at each grid point.

Hybrid Turbulence Model and Near-Wall Coupling
The hybrid turbulence model employed is described in

Ref. 11 and utilizes a standard high Reynolds number k-e
model coupled to a near-wall damped Van Driest model at
y+ =50. Coupling between the Van Driest near-wall model
and the outer region k-e model is based on matching the two
turbulent viscosities and stipulating that the turbulence (at
y+ = 50) is in a state of equilibrium (turbulent production
equals turbulent dissipation). Stipulating these coupling rela-
tions serves to provide near-wall boundary conditions for the
k-e turbulence model dependent variables, k and e, at the
grid point nearest to y+=50 at each axial station. The
coupling approach taken is analogous to that of Arora et al.,
which is described in detail in Ref. 17. The basic k-e model
constants utilized11 are as follows: (^ = 1.43, C2 = 1.92,
CM = 0.09, aAr = /l, ae = #/1.3. The k-e turbulent viscosity is
given by the relation

(19)

Chemical Kinetics
The evaluation of the chemical production term for the rth

species equation d>; is based on the linearized implicit ap-
proach first formulated by Tyson and Kliegel18 and de-
scribed in the text by Zucrow and Hoffman.19 The first ap-
plication of this approach to a generalized multicomponent
problem was described in Ref. 12. The chemical kinetic
package of Ref. 12 serves as the basis for many current
JANNAF standardized codes for rocket nozzles and plumes
and forms the basis for the chemical kinetic package in the
subject duct flow code. The chemical kinetic production
term for a, can be expressed in the form

^ VV L a"* a« bJ ( ai a™ a» M) = TsKf. #, ———————-?—\ —— ——— —— 1J f^l
JJlJmmmn KPj\ml mm mn)J

(20)

for generalized chemical systems described by a total of NR
two- and three-body reactions (see Refs. 12 and 16). The
summation for the rth species equation is performed only
over those reactions (/= 1,2,...,TV/) in which the rth species is
involved. The coefficients Oj and bj are functions of p, T,
and m. The detailed "bookkeeping" to establish d>/ in the
form given by Eq. (20) is described in Ref. 12. In for-
mulating Eq. (20), forward reaction rates are evaluated with
the reaction rate coefficient kf whereas backward reaction
rates are expressed in terms of kf. and the equilibrium con-
stant KP (namely, kb=kj-/Kp), whose evaluation requires
curve fits of Gibbs free energy.14

Parabolic Computational Techniques
Generalized Implicit Algorithm

The mapped, vectorized parabolic system of equations
(Eq. 11) is solved using conventional finite-difference
methodology. The convective terms are differenced using up-
wind, central, or hybrid difference approximations; the dif-

17 * const.
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Fig. 1 Characteristic nomenclature in Cartesian/cylindrical coor-
dinates and in mapped £,1? coordinates.
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fusive terms are represented by central differences. Dif-
ferences are evaluated at | + A£ (fully implicit) or averaged
over the integration step (Crank-Nicholson). The grid spac-
ing in the radial direction is arbitrary and can be user-
defined (e.g., fixed values of TJ(/) are input where / is the
radial grid point) or defined via standard grid-clustering ex-
pressions.20 The individual mean flow and turbulence model
equations are solved in an uncoupled manner with the coeffi-
cients lagged and the source terms treated explicitly. This un-
coupled approach has proved efficient for both diffusion-
controlled combustion problems, where the axial integration
step is limited by kinetic requirements and the kinetic and
diffusive grid scales must be the same, and kinetic-controlled
problems that permit kinetic step-splitting.

The numerical algorithm for integrating the dependent
variable / at grid point 7 (in marching from £ to £ + A£) takes
the standard tridiagonal form

(21)

where the coefficients A-D are evaluated, based on proper-
ties at £. The code provides for iterating the integration (with
the coefficients A-D averaged across the step) and has the
step size A£ keyed to the axial flow gradients [a feedback
system is utilized based on user-specified allowable changes
in key dependent variables (see Ref. 16 for details)]. Equa-
tion (21) is evaluated using a standard tridiagonal inversion
procedure (see Ref. 16 for complete details).

Boundary and Initial Conditions
The duct code operates parabolically with lower and upper

boundaries that can be any combination of geometric sur-
faces, symmetry planes, or mixer layer edges. This latter op-
tion uses an adaptive boundary growth rule formulation
keyed to edge gradients11 and permits operating in a bound-
ary-layer or wall jet mode, as well as in a free shear layer
mode. The wall boundary conditions permit the stipulation
of both no-slip and slip options with the conditions

w = 0,
dH dot;

— — = 0 or T=Tw(x), and ^- =ay oy

being those typically used at noncatalytic combustor walls
with no surface transpiration.

The initial conditions for a parabolic combustor problem
with tangential fuel injection typically comprise stipulation
of profiles of the axial velocity, temperature, and species
mass or mole fractions. Turbulence parameters k and e can
be stipulated if available. As a default, the code determines
tubulence parameters by evaluating the mixing length scale
variation across the duct (with near-wall variations, in-
cluding those at splitter plates, evaluated using the Escudier
formulation21 as described in the text of Launder and
Spalding22) and assuming the turbulence (described by a mix-
ing length model) to be in a state of equilibrium.16 The in-
itial radial velocity profile cannot be "mathematically"
stipulated in a purely parabolic problem and is obtained by
iterating between the parabolic integration and the integra-
tion of the continuity equation at the initial station (or by
underrelaxing from a prescribed initial distribution over
several integration steps in this manner).

Chemical Kinetic/Fluid Dynamic Coupling
The chemical kinetic solution in the duct code is based on

the linearized implicit approach of Tyson and Kliegel,18'19

utilizing an upgraded version of the chemical kinetic package
described in Ref. 12. Both the parabolic fluid dynamic solu-
tions and the chemical kinetic solution are fully implicit. The
coupled implicit solution of the fluid dynamic/chemical
kinetic problem would require the inversion of a complex

system of matrices [i.e., at each grid point, the various
chemical species are related to each other via the implicit
chemical formulation and to the same species at adjacent
grid points via the implicit fluid dynamic alogorithm of Eq.
(21)]. To avoid the complexities of inverting an NSxNS
block tridiagonal matrix (where NS represents the total
number of species), the fluid dynamic and chemical kinetic
solutions are uncoupled in performing the step-size integra-
tion. The same chemical/fluid dynamic integration step is
generally utilized for both solutions, although the chemical
step can be split into several steps for kinetic-controlled
problems with rapid/stiff kinetic processes, or for minor
species (e.g., ionized species) not affecting the mixture
thermodynamics.

The species continuity equation solution is uncoupled by
first evaluating the "effective" chemical source term in the
integration step, £ to £ + A£, based on values of ah T, and p
at £. This involves first integrating the relation

dot:
-~T- (22)

in a fully implicit fashion (i.e., the a, are evaluated at t + A/).
The chemical time step A?, used to integrate Eq. (22), is set
equal to the local fluid dynamic time step if no kinetic step-
splitting is employed, where step-splitting entails dividing the
fluid dynamic step At into a number of fractional chemical
kinetic time steps. The fluid dynamic time to traverse a grid
interval is

(23)

The solution procedure employed involves a chemical source
term linearization12 whereby the nonlinear species products
at t + At of (b/ [Eq. (20)] are expressed by the following
linear relations below (terms with a are evaluated at t + At;
those without are evaluated at t):

(24a)

(24b)

Then, with k f , Kp, aj9 and bj of Eq. (20) evaluated at /, the
integration of Eq. (22) at each grid point / takes the form

- + £,=0 (25)

whose solution for 5; = «/(* +Af) requires the inversion of an
NSxNS matrix. Solving Eq. (25) then yields the "effective"
chemical source term &/(/) at grid point / (centered about
the integration step) via the1 relation

(26)

The species continuity equation [Eq. (5)] is then integrated
from £ to £ -I- A£ in a fully implicit manner with the chemical
production term &/(/) stipulated as a source term along each
grid line, rjf = const. If p and T change significantly, the pro-
cess can be iterated upon utilizing values of p and T centered
across the integration step. In practice, no iterations are
employed with the step A£ adaptively varied to keep p and T
variations to within prescribed tolerances.

Direct and Inverse Parabolic Solution
In the parabolic mode for ducted flows, the wall geometry

(direct mode) or axial pressure variation (inverse mode) is
prescribed. Pressure is assumed to vary only in the axial
direction, and the normal momentum equation is discarded.
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The radial velocity distribution is obtained from a stream-
function inversion of the continuity equation, centered at
£ + A£/2 and performed after the parabolic step is taken. In
the direct mode, the pressure variation in the integration step
is obtained in a noniterative manner, with an iterative
upgrade provided if values of the correction parameters ex-
ceed default values.16 Integration of the mean flow equations
with the pressure projected from the gradient at the previous
step leads to an error \l/' in the mass flux at £ + A£, which is
related to the error in pressure via the relation16

(27)

In formulating Eq. (27), densities are locally corrected via
the perturbation relation p'=P'p/(yP) (obtained from the
energy equation) while velocities are corrected via the pertur-
bation relation u'=P'/(pu) (obtained from the axial
momentum equation). In the near-wall region, the velocity
correction relation is destabilizing (since it does not include
the viscous term variation) and is replaced by the following
implicit correction equation for u f :

dur

(28)

Since the near-wall region perturbations have negligible in-
fluence on overall mass flux, the correction P' of Eq. (27)
remains unaffected owing to the usage of the above near-
wall velocity correction.

For design purposes, an inverse parabolic option is
available whereby the axial duct pressure variation is
prescribed and the duct wall variations are obtained cor-
responding to the imposed pressure variation. With this op-
tion, one wall can be fixed and the other varied, or both can
be varied using prescribed weighting factors (that is to say,
each wall can provide half the area change, etc.). In march-
ing from £ to £ + A£, the duct area gradient dA/dx is assumed
to be that from the previous step. Since the pressure is pre-
scribed, correcting the error in mass flux simply involves mod-
ifying the assumed area variation. This can be performed
iteratively or noniteratively. The noniterative procedure in-
volves accepting the assumed area variation and correcting the
pressure as in the direct approach. In order to compensate for
the pressure deviation P' from the prescribed duct pressure, the
duct area gradient dA/dx is increased/decreased over the next
integration step in accordance with the pressure deviation. This
noniterative, self-correcting approach works quite well where
flow variations are smooth, but the iterative approach must be
used in regions of very rapid combustion.

Parabolized Navier-Stokes Computational Techniques
Explicit Hyperbolic Integration
of Pressure/Wave-Solver Equations

The characteristic-based wave-solver relations [Eq. (18)]
are cast into finite-difference form by evaluating the stream-
wise derivative d/d£ using a standard two-point difference
and evaluating the d/dr) derivatives using an upwind two-
point difference at station £, which corresponds to the ap-
propriate characteristic direction [X+ characteristics employ
backward (/,/-!) differences; X~ characteristics employ for-
ward (/,/+ 1) differences]. With the manipulations described
in Refs. 10 and 16, a pressure solver finite-difference relation
of the form listed below is obtained:

.(29)

The coefficients a-t are combinations of the C* and A* terms
of Eq. (18) and are evaluated along the actual characteristics.
The pressures and flow angles on the right-hand side of Eq.
(29) are all evaluated at £. The diffusive/chemical kinetic
terms contained in the source term F [namely, FU9 FV9 FH,
and Fa. components of Eq. (15)] are evaluated at the grid
point /, while the coefficients of these terms are evaluated
along the characteristics (see Ref. 16 for details).

Coupled Implicit (Parabolic)/Explicit (Hyperbolic)
Solution Procedure in Supersonic Regions

The coupled parabolic/hyperbolic solution is performed in
the following three-step sequence:

1) Prediction of pressure field at £ + A£ solving Eq. (29)
using coefficients evaluated at £ at characteristic intersection
points, and diffusive/kinetic source terms evaluated at £ at
grid points /.

2) Solution of parabolic system of equations [Eq. (11)]
yielding /at £ + A£ via tridiagonal inversion of Eq. (21).
Pressure gradients "prescribed" in accordance with wave-
field solution of step 1.

3) Correction of wave field at £ + A£ using coefficients
averaged along characteristics, whose modified slope yields
revised values at £ also, and values of diffusive/kinetic
source terms evaluated at £ + A£ if the parabolic algorithm of
step 2 is either fully implicit or if a Crank-Nicholson
parabolic procedure is utilized, averaged across the integra-
tion step.

Near-Wall Subsonic/Supersonic Coupling
The near-wall subsonic/supersonic coupling utilized10 (Fig.

2) employs a lagged interactive predictor-corrector procedure
that imposes the pressure gradient prevailing just outside the
sonic line throughout the subsonic region. The imposed
pressure gradient, at the predictor level, assumes the flow
angle at the near-sonic matching point to equal the local wall
angle plus the flow angle relative to the wall prevailing at the
previous step, which represents the lagged displacement-
thickness effect of the subsonic layer. The actual flow angle
is determined from the continuity equation after the
parabolic integration, and the wave field is corrected for this
angle change in the corrector step of the wave-solver se-
quence. This approach serves to "uncouple" locally the
prediction of the streamwise pressure gradient in the sub-
sonic region from the continuity-based pressure-streamtube
divergence/contraction balance. It eliminates destabilizing
elliptic (upstream-influence) effects in marching from £ to
£ + A£ but still accounts for the strong viscous interactions
due to the displacement effect of the subsonic layer. Com-
plete details are given in Refs. 10 and 16 with validation of

1*1

x-

~7_
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M > I

r—— MS I

M< I

from Wave Solver
d X

If. , If.
d X < 5 X

/ / / / / / / / / / / rr
• GRID POINTS USED FOR

WAVE-FIELD SOLUTION

Fig. 2 Near-wall grid nomenclature and different grid scales for
parabolic and hyperbolic solutions.
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the procedure using compression ramp data obtained at
Princeton University described in Ref. 23.

Treatment of Viscous Terms/Chemical Source Terms
in Wave Solver

In the solution sequence described above, the dif-
fusive/chemical kinetic source terms Fu, Fv, FH, and Fa.
employed in the corrected wave-field solution correspond
exactly to those utilized in the parabolic solution, and they
are evaluated identically using the same grid network. In
wall-bounded problems, where the grid is highly stretched in
the near-wall region, use of the same grid network for the
implicit parabolic and explicit wave-field solutions is not
practical, due to the CFL step-size limitations on the wave-
field solution, and the pressure is solved on a coarser scale,
as exhibited in Fig. 2. In these situations, the source terms
are still evaluated on the fine scale, while the coefficients
associated with these terms [see Eq. (15)] are evaluated on
the coarse scale, as borne out by detailed numerical
studies.16

Inviscid Region Shock-Capturing
In most supersonic combustion problems of practical in-

terest, the duct flow is fully turbulent, and no artificial
dissipation is required to stabilize strong oblique shocks
propagating through the flow. In the inviscid limit *
numerical exercises (to be described) were performed to
ascertain the requirements for adding artificial dissipation
for shock stabilization and entropy generation to yield cor-
rect shock strengths. The use of artificial dissipation to aid
shock-capturing in inviscid zones is always required in Beam
and Warming central-difference-based algorithms, whereas
the requirements here appear to be less stringent.

Second-order artificial dissipation is added as a run option
by modifying the viscosity level (A = Mi +Mf + c)» where the
added viscosity e is related to the local wave strength via the
equation:

LOWER WALL
——— SC1PPY
——— SPLITP

IAP+ I - IAP- I
IAP+ I + IAP- I

where

(30)

(31)

The coefficient e/ utilized has values akin to those utilized in
Beam and Warming24 based codes, namely, 0<e/<0.3. All
calculations in this article, and the original paper on which it
is based, were performed with no artificial dissipation uti-
lized except for the inviscid shock-capturing studies exhibited
to illustrate the use of this damping option.

Numerical Studies
Comparison with SCIPPY Inviscid Shock-Capturing Solution

The pressure/wave-solver algorithm (as incorporated into
the computer code entitled SPLITP) was evaluated for
shock-capturing capabilities by comparing its predictions
with those of the well-established SCIPPY shock-capturing
model.26 Figure 3 exhibits a typical comparison for the in-
viscid shock propagation pattern in a convergent duct where
the incoming flow Mach number is 3. The wave-solver
prediction of the pressure variation along the duct walls with
no artificial viscosity added is seen to be in excellent agree-
ment with the SCIPPY predictions. Comparisons were also
made for a second case where the Mach number of the in-
coming flow is increased to 6. The shocks produced are now
substantially stronger than those of the earlier case. As
shown in Fig. 4, wave-solver calculations with no artificial
dissipation added do not agree with the SCIPPY results.
However, with the addition of artificial dissipation, very
good agreement is obtained. The artificial dissipation
parameter e/ was set at 0.3 for this calculation; variations

Fig. 3 Comparison of inviscid shock propagation pattern in duct
for Mach 3 entrance conditions.

over the range 0.2<e/<0.4 produced comparable results,
which did not depend strongly on the dissipation level uti-
lized. All other calculations described in this article were per-
formed with no artificial dissipation.

Comparisons with SCIPVIS PNS Shock-Capturing Solutions
In the second series of numerical studies, predictions were

compared with those of the well-established SCIPVIS PNS
shock-capturing model27 for the analysis of basic interactive
phenomena in supersonic mixing problems.25'28 The most
"sensitive" problem is the prediction of the perturbation
waves generated by the dissipative effects of a supersonic
mixing process (Fig. 5). Here, the viscous forcing function
(F) terms in the wave solver generate the waves in the flow;
if these viscous forcing function terms are set to zero, the
pressure remains constant. Figure 6 compares perturbation
pressure variations along upper and lower duct walls (treated
as slip boundaries) for the mixing of Mach 2.4 and 4.8
airstreams initially at pressure of 1 atm and a temperature of
1000 K (see Ref. 28 for case description details). The two
predictions are quite comparable, indicating that the
pressure/viscous coupling achieved via the forcing function
representation in the wave solver is compatible with the con-
servative "fully coupled" representation in SCIPVIS.

The next text case exhibits the interaction of a wall-
generated expansion fan with the above turbulent shear layer
(Fig. 6). The comparisons1 of the duct wall pressures are
again seen to be quite favorable. In these calculations, the
grid spacing used by both models was the same (41 points
evenly spaced across duct, Ax given by CFL constraint), and
both models employed the kW turbulence model (see Ref.
25). Further comparisons of this type (including shock/shear
layer interactions) are given in Ref. 16.

Combustion-Generated Waves
To demonstrate the influence of combustion chemistry on

the wave field, calculations were performed for the mixing of
a Mach 2.6 H2 stream with a Mach 2.4 air stream, initially at
a pressure of 1 atm and a temperature of 1000 K. Calcula-
tions were performed with both finite-rate and frozen
chemistry. The effect of H2/air combustion on the duct
pressure variation is quite pronounced, as seen by comparing
the frozen and finite-rate solutions of Fig. 7. Also exhibited
is the same case performed with a new version of the
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Fig. 4 Comparison of inviscid shock propagation pattern in duct
for Mach 6 entrance conditions.

SCIPVIS PNS code, extended to analyze combustion
chemistry.23 The two sets of results are in reasonable agree-
ment with further comparative studies planned to isolate
numerical/grid issues for this class of problem.

Applications/Validation
Analysis of Burrows and Kurkov Experiment

Very little data are available to validate the application of
the turbulent duct flow model for realistic supersonic com-
bustion problems. The Burrows and Kurkov data29 are
among the few sets of data available that provide the detailed
initial conditions required to analyze this problem properly.
The case involves the sonic, tangential, balanced pressure
injection of a Mach 1, cold (7=254 K) H2 jet into a Mach
2.44, hot (T= 1270 K) vitiated airstream in a near-parallel
wall combustor. The airstream had a thick boundary layer,
which was about three times the size of the initial H2 jet (jet
slot height was 0.4 cm). Figure 8 compares predictions (per-
formed imposing a turbulent Prandtl number of 0.9 and
utilizing the hybrid k-e/Van Driest turbulence model) of H2,
N2, O2, and H2O mole fractions at the combustor exit (36
cm downstream of the injection plane) with the measured
data. The results are quite reasonable and accurately locate
the flame position (peak H2O) although they slightly under-
predict the peak level of H2O observed (which may require
adaptive gridding that concentrates points in the flame
zone). Complete details of this calculation are given in Ref.
30, which also discusses the marked sensitivity of the results
on the initial profile and turbulence model initialization.

Inverse Solution/Duct Design Problem
This calculation simulates a Mach 1, cold (T=255.K) H2

jet injected tangentially into a hot (T= 1270 K), Mach 2.6

0.02 -

6
o

9

3
§QL

-0.02
X/h

Fig. 5 Comparison of predictions for perturbation pressures
generated by mixing in duct.

0.2r~

-1.0
x/h

10

Fig. 6 Comparison of predictions of wall pressure variation for ex-
pansion fan/shear-layer interaction in diverging duct.

airstream at balanced pressure (P = 0.35 atm). In a constant-
area duct, the pressure rise generated by combustion caused
the flow to separate at about 9 jet slot heights downstream
of the injection plane.34 The calculation was repeated in the
inverse mode to generate combustor walls that would yield a
constant pressure environment in the combustor. Figure 9
exhibits the initial injectant conditions, the predicted
constant-pressure combustor geometry, and the variation of
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Fig. 7 Comparison of predictions for pressure rise generated by
combustion in duct.

MOLE FRACTION
Fig. 8 Comparison of predictions with Burrows and Kurkov data
for mole fraction profiles at combustor exit.

skin friction on the combustor walls. It is seen that substan-
tial duct divergence is required in this situation to compen-
state for the blockage effects of mixing and combustion.

PNS Analysis of Underexpanded Tangential Slot Injection Problem
This test case simulates the flowfield in a supersonic com-

bustor with tangential injection at significantly higher
pressure (10/1 static pressure ratio) than the surrounding
airstream. The problem was performed with half-plane
symmetry. Figure 10 depicts a schematic of the flow con-
figuration, pressure contours, pressures along the wall and
symmetry plane, and the variation of wall skin-friction coef-
ficient. The skin friction is seen to respond directly to the
pressure gradient along the wall with the proper dip in Cy ex-
hibited at shock/boundary-layer interaction points, par-
ticularly noticeable for the first intersection at x/h~ 5, where
the shock is strong and not diffused. The ability to handle
such interactions is a virtue of the near-wall coupling ap-
proach utilized,10 whose validity is borne out by detailed
comparisons with turbulent compression corner data.23

PNS Analysis of Underexpanded Angled Slot Injection Problem
The test case simulates the flowfield in a supersonic com-

bustor with fuel injected at an angle of 10 deg, and also at

h AIR -1.2- ^AlR, U« 6000 ft/we. T-I270K, P-0.33 otm L
T i
h]FT..8"=^ H2,U-4000 ft/sec, T-255K, P-0.35 otm 1
r" T

ADIABATIC WALL

PREDICTED WALL GEOMETRY

40 60
x/h

80 100

Fig. 9 Inverse design analysis of combustor: predicted wall
geometry and skin friction.

•AIR. U-23.300 f»/»tc,T-3230K, PsSotm

!t/»te.T-300K, P- 3 aim I

o.od
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

x/h
Fig. 10 Underexpanded tangential H2 injection: combustor duct
wall and centerline pressure and skin friction.

higher pressure (10/1 ratio) than the surrounding airstream.
The problem was performed with half-plane symmetry.
Compared to the previous fuel-rich case, this case is
"almost" stoichiometric in a premixed sense. Figure 11
depicts a schematic of the flow configuration and contours
of H2O mole fractions, showing that significant combustion
occurs. Unlike the previous fuel-rich case, this case is
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Fig. 11 Underexpanded H2 jet, angled slot injection combustor pro-
blem: H2O mole fraction contours.

dominated by combustion, and the waves are much weaker
since the jet momentum flux is much lower.

Concluding Remarks
Features and applications of a recently developed ducted

supersonic combustion model have been presented. By virtue
of the splitting/decoupling techniques employed to solve
distinctly the parabolic mixing, hyperbolic wave, and
chemical kinetic equations, significant flexibility is available,
permitting operation in Euler, parabolic (direct or inverse),
and fully PNS modes, and problems with disparate mix-
ing/wave/kinetic scales can readily be addressed. The
methodology developed has been applied to a wide array of
nonducted flow problems (plumes, wakes, wall jets, bound-
ary layers) as described in Refs. 10 and 16, and has been
validated for such problems utilizing a very broad data base.
For scramjet supersonic combustor studies, a specialized ver-
sion of this model, entitled SCORCH,31'32 has seen wide-
spread usage in the scramjet propulsion community, and
numerous validation studies have been performed. Com-
parisons of these studies with available data and other code
predictions should soon make their way into the open
literature. The chemical kinetic and turbulence modeling
utilized represents very well-established methodology, and its
development in a "black box" fashion simplifies upgrades
and permits transferring the capabilities to alternate models
(e.g., the chemical species/kinetic and turbulence model
solvers have been extracted and incorporated into a Beam-
Warming-based PNS model33). Chemical kinetic rates/mech-
anisms for H2/air combustion employ the latest established
values and can readily be modified by the code user since the
thermochemical data come from a generalized data base, con-
taining reaction sets, rate data, thermodynamic data, and
laminar transport data. The computer code accesses the data
base through a processor to incorporate species/reactions of
interest.
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